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Quasi-symmetric triangle-free designs D with block intersection numbers 0 and y and with no 
three mutually disjoint blocks are studied. It is shown that the parameters of D are expressible 
in terms of only two parameters y and m, where m = k/y, k being the block size. 
Baartmans and Shrikhande proved that 2~-<m ~<y + 1 and characterized the extremal values 
of m. An alternative characterization of the extremal cases and also an alternative proof of the 
bounds is obtained. It is conjectured that besides the extremal cases, there are only finitely 
many such designs. It is proved that in such designs if k is a prime power p", then p = 2 and D 
is a Hadamard esign. 
1. latroduetion 
Quasi-symmetric designs have been the objects of much investigation i  recent 
years. These are 2-designs D with precisely two block intersection umbers x and 
y; this paper restricts itself to x = 0. It is well-known that the block graph F of a 
quasi-symmetric design D is strongly regular and the block intersection umber y
divides the block size k (see [8], for example.) Particularly interesting quasi- 
symmetric designs are those in which the complement of the block graph F is 
triangle-free, i.e., D has no three mutually disjoint blocks. We call such a 
quasi-symmetric design triangle-free and this paper is an investigation i to various 
properties and interrelationships among the parameters of such designs. 
Since y divides k, let us write k = my, m an integer. In [2], Baartmans and 
Shrikhande showed that 2~ m ~<y + 1. They also characterized the extremal 
cases. The case m = 2 is a Hadamard 3-design, while m =y + 1 is associated with 
the extension problem of symmetric designs (see [4]) studied by Cameron. 
Following [7], we call D exceptional if 3 <~ m ~ y. 
The main part of this paper is an attempt o prove the following conjecture: 
There are only finitely many exceptional triangle-free quasi-symmetric designs. A 
computer search carded out in [2], supports this conjecture. We also show that 
the parameters of any triangle-free quasi-symmetric design can be expressed in 
terms of just two parameters y and m. 
Section 2 gives some preliminary results required throughout the paper. The 
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proofs of some of these are rather elementary; for the other well known results 
references [2, 4, 8] will be sufficient. 
The main results of this paper will be found in Section 3. Using elementary 
arguments, Theorem 3.1 obtains an equation in m, 3', and o~=r-m3'. The 
number a~ = r -  m3' is called the order of D. It turns out that eq. (4) which is 
quadratic in tr is a very useful tool in our investigation. The critical case m = y + 1 
is now characterized in terms of the order tr (Proposition 3.3): m =y + 1 if and 
only if tr = 3, or tr = 3' + 1. Further, in all the other cases ~ < 3'. The same 
quadratic enables us to prove the following (Theorem 3.2): For a fixed m (and 
hence for any parameter fixed) there are finitely many triangle-fee quasi- 
symmetric designs with that m (= k/y). The order tr is called small if it is the 
smaller root of the quadratic (4) and large otherwise. Proposition 3.8 essentially 
shows that if a: is small, then it is sufficiently small in relation to m. In Theorem 
3.10 we derive yet another quadratic (9) in v with coefficients in m and y. This 
quadratic and also the quadratic in 3' obtained in [2] are used to show (Theorem 
3.12) that the parameters of a quasi-symmetric triangl$-free design are expressible 
in terms of just two parameters m and y. It should also be remarked here that the 
monic quadratic (9) in v and particularly its discriminant (10) can be effectively 
used to give a short alternative proof of the results in Baartmans-Shrikhande 
[2,8]. 
In the last section we venture to make a conjecture that there are at most 
finitely many exceptional (i.e., 3 ~< m ~<y) triangle-free quasi-symmetric designs. 
At present it seems hard to prove this conjecture. But as a step in that direction 
we show (Theorem 4.2) that if k is a prime power, then there are no exceptioanl 
quasi-symmetric triangle-free designs with k as the block size. 
2. Preliminaries 
For most of the standard results on quasi-symmetric designs we refer the reader 
to [4]; for more recent ones to [1-3, 5, 7-9]. By a quasi-symmetric design we 
mean a 2-design D with precisely two block intersection umbers 0 and y. It is 
well-known (see for example [8]) that the block graph F of a quasi-symmetric 
design D is strongly regular. We call D triangle-free if the complement of F 
contains no triangles or equivalently D has no three mutually disjoint blocks. 
Theorem 2.1. Let D be a triangle-free quasi-symmetric design. Then the following 
assertions hold. 
(a) y divides k; 
(b) Let k = my. Then 2 <<- m <~ y + 1; 
(c) m = 2 if and only if D is a Hadamard 3-design; 
(d) For a fixed y, there are only finitely many triangle-free quasi-symmetric 
designs D with y as the positive block intersection number, 
(e) m =y if and only if D is a 2-(232, 36, 15) design. 
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Proof. For (a), which is well known, see e.g. [8]. (b), (c) and (d) are proved in 
[2], while (e) is shown in [7]. [] 
Lemrna 2.2. Let (x, X) be a non-flag (i.e., a non-incident point-block pair) of a 
quasi-symmetric triangle-free D and suppose oc(x, X)  is the number of blocks on x 
not meeting X. Then oc(x, X)  = o~ = r - mL  
Proof. Trivial. [] 
Convention 2.3. From this point on, throughout his paper assume that D is a 
quasi-symmetric design which is triangle-free. Also v, b, r, k, 3. will denote the 
standard parameters of D as a 2-design; y will denote the positive block 
intersection umber and m the integer k/y. Motivated by the results in Section 3 
we call tr = r -  m3. the order of D. Since D is not symmetric, tr is a positive 
integer. Finally for the sake of convenience y, m, and c~ will also be called the 
parameters of D. 
Lemma 2.4. Let (X, Y) be a pair of disjoint blocks and suppose x ~ X U Y. Then 
the number of  blocks on x meeting both X and Y is m3. - tr. 
Proof. Let s be the required number. Since there is no block disjoint from both 
X and Y, use of Lemma 2.2 obtains s + o~ + a~ = r, i.e., s = r - 20~ = m3. - c~. 
Lemma 2.5 ([2, Lemma 2.3]). The following equation holds 
( r -  1 ) (y -  1) = (k -  1)(3.- 1). (1) 
Lemma 2.6. The following equation holds 
(b - 2) - 2m(r - 1) + m23. = 0. (2) 
Proof. (Essentially given in [2].) Follows from the fact that D is triangle-flee. For 
a pair (X, Y) of disjoint blocks, count the totality of blocks in two ways. [] 
Theorem 2.7 ([2, Theorem 3.2]). m, 3., and y satisfy the following equation. 
[m(y + 1) -m 2-  113.2- [2m(y2 + 1) -2m2y- (y  + 1)13 . -y (m-  1 ) (my-  1 )=0.  
(3) 
Remark 2.8. Treating (3) as a quadratic in 3. and using its discriminant, 
Baartmans and Shrikhande [2] proved Theorem 2.1(b). A shorter alternative 
proof of this result will be given at the end of Section 3. [] 
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Theorem 2.9 ([2, Theorem 3.6]). Let D be a triangle-free quasi-symmetric design 
with m = y + 1. Then the parameters of D are one of the following two types. 
(*) v = y(y2 + 3y + 1), b = (y2 + 2y-  1)(y 2 + 3y + 1), 
r=(y+l ) (y2+2y-1) ,  k=y(y+l ) ,  ~=y2+y-1  (y >~2). 
In this case D is a 3-design and its contraction is a symmetric 2-design. 
(**) v = (y + l)(y2 + 2y -1 ) ,  b = (y2 + 2y -1)(y2 + 2y), 
r=ye(y + 2), k=y(y  + 1), ~,=y2 (y >~ 2). 
In this case D is a quasi-residual of a design (*). 
Definition 2.10. If m =y + 1 (equivalently D is (*) or (**)), then D is called 
critical. 
3. The main resaits 
We remind the reader once again (Convention 2.3) that D is quasi-symmetric 
and triangle-free. For this section unless otherwise stated assume further that D is 
not a Hadamard 3-design (i.e., m =/=2) though some results of this section also 
hold for Hadamard esigns. (The reader can make suitable modifications). 
"I'aeorem 3.1. (a) The following equation holds. 
f(ct) = (m - 1)a "2- (m). + m - 1)tr + (m - 1)mZ =0; (4) 
(b) m ~< y + 1 ~< Z; (5) 
(c) m <~ tr; (6) 
(d) ~ = (m - 1 )tr(tr - 1) (7) 
m[tr - (m - 1)]" 
Proof. (a) Fix a block X of D. Define a configuration Ex whose point set is the 
set of all blocks of  D disjoint from X and whose block set is the set of all points of  
D outside X. We define incidence in Ex as follows: If C is a block of D disjoint 
from X and p is a point of D such that p ~ X, then C is incident with p in Ex ff 
and only ffp is incident with C in D. Since D is a triangle-free, it is easily checked 
that Ex  is a 2-design with parameters 
Iv '  = b 1, = v - k ,  = k, = r - mA,  y.  | 
k(r 1) q 
b' r' k'  
Y J 
Now using k = my,  tr = r - m~ and Lemma 2.6, we get v' - m(tr - 1) + 1. Using 
the parameter relation b 'k '= v ' r '  of Ex ,  we get v = [mtr -m + 1 + t r ]my/ t r .  
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Next, using the relation vr = bk of D, we obtain v =my[2m(oc+m3. -1 ) -  
m23. + 2]/(a~ + m3.). Equating these two expressions for v and simplifying, we get 
the conclusion (a). To show (b) use Theorem 2.1(b), Lemma 2.5 and the fact 
r > k, since D is not symmetric. For (c) and (d), observe that a~ :/: m - 1, since D 
is not Hadamard. This obtains (d); (c) is then clear since 3. > 0. [] 
Theorem 3.2. For a fixed value of  any parameter (refer to 2.3) v, b, r, k, 3., y, 
m >~ 3 and y >I 2 there exist finitely many triangle-free quasi-symmetric designs D 
such that the given parameter assumes the stipulated value. 
Proof. It is enough to show the assertion for m. Using (5) and (6) it is easy to see 
that any other parameter of D except y is not less than m. The assertion on y was 
f~rst proved in [2] (see Theorem 2.1(d)). 
To prove the assertion for m, let A 1 be the discriminant of (4) as a quadratic in 
a~. Then an easy manipulation shows that A1 = a 2 - g(m), where a = [m3. + (m - 1) 
- 2 (m - 1)  2] and  g(m) = [ (m - 1 )  - 2 (m - 1)2]  2 - (m - 1)  2. 
Therefore, 
g(m) = a 2 - c 2, where c = V~I.  (8) 
Since g(m) is determined by m alone, it is clear that the number of possible 
values of 3. is limited by the number of pairs (a, c) with g(m) = a 2 - c 2. Notice 
that m I> 3 implies g(m) is positive and hence a > c. But the number of such pairs 
(a, c) is limited by the number of divisor pairs (d, e) of g(m) with g(m)= de: 
observe that g(m) = (a + c)(a - c) = de. 
Conversely the number of pairs (a, c) is no more than the divisor pairs (d, e) in 
an obvious way. Since g(m) is finite there are finitely many possible values of 3. 
(given a value of g(m) one can solve for 3. uniquely). Since this limits the number 
of possible values of y (by (5)) to a finite number, use of Theorem 2.1(d) 
completes the proof. [] 
Recalling Definitions 2.3, 2.10, and Theorem 2.9, we then have 
Proposition 3.3. The following assertions hold: 
(a) ~<3.  + 1; 
(b) a~=3.+ 1 if and only if D is of type (*); 
(c) a~ = 3. if and only if D is of  type (**); 
(d) D is critical if and only if oc >>- 3.; 
Proof. If D is critical then using the parameters given in (*) and (**), 
oc = r - m3., and m = y + 1, it is easy to see one part of (b), (c), and (d). So let 
a~ ~> 3.. Then  r >~ m3. + 3. = (m + 1), i .e. ,  r/3. ~> m + 1. But  (r - 1)/(3. - 1) > r/3. 
since r > 3.. Cross multiplication gives m > y, which in conjunction with Theorem 
2.1(b) implies m =y + 1. Now use Theorem 2.9 to complete the proof. [] 
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Def in i t ion  3.4. D will be called exceptional if 3 ~< m ~< y. 
Observe that Proposition 3.3 implies that D is exceptional if and only if 
Lemma 3 .5 .  a~= (m - 1)(3, - 1 ) / (y  - 1) - (m - 1). 
Proof. Write tr = (r - 1) - (m3. - 1) and use Lemma 2.5. [] 
For a fixed m we follow the procedure outlined in the proof of Theorem 3.2 
and calculate the possible values of 3, and hence a~. Using Lemma 3.5 this yields 
possible values of y and hence k = my. The knowledge of r = mZ + a~ finally 
enables one to compute v and therefore b using the usual necessary conditions. 
Given a reasonable computing device this procedure can be carded on to cover 
sufficiently many values of m. By hand-checking however, we have verified the 
following: 
Propos i t ion  3.6. For m = 3, 4, and 5 there are no exceptional designs. For m = 6, 
the only exceptional design is the one determined in Theorem 2. l (e) and m = y = 6 
for  this situation. 
From this point on, assume that D is exceptional unless otherwise stated. 
Observe that for m I> 3, the discdminant of the quadratic (4) given in (8) is never 
zero. Since the product of roots is m3., it follows that the smaller (resp. larger) 
root of f (a  0 is strictly less than (resp. greater than) Vrm-~. 
Def in i t ion  3.7. We say that the order a~ of D is small (resp. large) if ~ < 
(resp. a~ > ~rm-~). 
P ro l~t ion  3.8. (a) a~/s small i f  and only i f  m + 3 <<- ot <<- 2m - 3. 
(b) a~ = m + 3 i f  and only i f  el = 2m-  3; these conditions are equivalent to 
m = y and D has the parameters given in Theorem 2. l(e). 
Proof. (a) Since tr<V'm'~, m)dol>oi .  Using (7) this implies t r ( t r - (m-1) )~ < 
(~ - 1)(m - 1) which yields t~ ~< 2m - 3. Conversely, let a~ <~ (2m - 3) and 
suppose for the sake of contradiction that t~ is large. Then m)dol  < t~; use of (7) 
again produces the desired contradiction ~ > 2m - 3. Let tr = m + i, i = O, 1, 2, 3. 
By (7), m divides i ( i -  1). Use of (7), Lemma 3.5 and Proposition 3.6 rule out 
i = 0, 1, 2 while for i = 3, we get m = 6. On the other hand, if a~ = 2m-  3, the 
same results yield m = 6. Hence (a) and (b) are both proved; the details are 
omi t ted .  [ ]  
Are there any examples of triangle-flee quasi-symmetric designs with large 
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orders? All the three exceptional parameters sets found in [2] have small orders. 
To this end we have the following small result: 
Proposition 3.9. I f  m is a prime power, then the order of  tr is large. 
Proof. Let tr be small. By (7), m divides a:(a:-  1) and hence one of a: or a~ - 1. 
By Proposition 3.8(a), however, none of these numbers equals m. Then tr t> 2m 
or tr - 1 I> 2m both of which contradict Proposition 3.8(a). [] 
Theorem 3.10. (a) The following quadratic equation in v holds: 
V 2 -  {2m2y + 2my -- 2m + 1}v 4- {(my -- 1)m2y(m + 2) + 2my} =0. (9) 
(b) Let A 2 be the discriminant of  the quadratic (9). Then, 
A2=4m2y(y -- m) 4- 4m(m -- l )(y 4- 1) 4- 1. (10) 
(c) I f  D is exceptional, then the actual value of v in (9) above is given by the 
smaller root and is therefore unique. 
Proof. (a) Fix twO disjoint blocks X and Y, and let S be the set of flags (x, Z), x 
not on X, Y and Z meeting both X and Y. By Lemma 2.4, a fixed x determines 
mZ - o: = 2mA - r elements of S and the number of such x's is v - 2k = v - 2my. 
Hence ISI =(v -2my) (2m/~-r ) .  On the other hand a fixed Z determines 
k -  2y = (m-  2)y points x and there are  m2~ blocks meeting both X and Y. 
Hence ISI = m2~,( m -2 )y .  Equating the two expressions obtains a value of ~. in 
terms of v, m, y, and r. Since /~=r(my-1) / (v -1 ) ,  equating the two 
expressions for Z obtains the desired quadratic (9). 
(b) is straight forward. 
Consider (c). Since D is exceptional, Proposition 3.3 implies a <~., i.e., 
r < (m + 1)~. and therefore (v - 1)/(k - 1) = r//~ < m + 1. Hence, v < (my - 
1)(m + 1)+ 1 = m2y + my-  m. From the middle term in (9) it follows that the 
larger root must be at least mEy + my-m 4-½, since both roots are positive. 
Hence v must be the smaller root of (9). 
Remark 3.11. Observe that in (10) if m ~>y + 2, then A2 is negative. Hence 
m ~< y + 1. This gives an alternative proof of the main result of [2] (Theorem 
2. l(b) of this paper). Also putting m = y + 1, A 2 -" 1. Us ing  the various equations 
we have in this paper, this enables us to characterize the designs (*) and (**) 
which is another result in [2] (Theorem 2.9 of this paper). The case m =y can 
also be handled similarly (which was considered in [7]). One can show that A2 is a 
perfect square if and only if the discriminant of [2], Theorem 3.2 is a perfect 
square. 
Theorem 3.12. Let the parameters m and y of a triangle-free quasi-symmetric 
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design be specified. I f  m =y + 1, then the parameters o f  D are (*) and (**) and 
these two sets are uniquely determined by y. I f  D is not critical its parameters are 
uniquely determined by m and y. 
Proof. The first part is clear by Theorem 2.9. Let 2~<m ~<y. If m = 2, then D is 
Hadamard and clearly then y determines all the other parameters. Finally let D 
be exceptional. Then m ~< y. Consider (3) and observe that ff D is exceptional 
then one root of (3) is negative. Hence (3) determines 2 >0 uniquely. By 
Theorem 3.10(c), (9) determines v uniquely. The fact that k = my then completes 
the proof. [] 
4. Concluding remarks 
We begin this section by making the following conjecture: 
Conjecture 4.1. There are finitely many exceptional triangle-free quasi-symmetric 
designs. 
As a partial attempt oward proving this conjecture, we offer the following: 
Theorem 4.2. Let D be a triangle-free quasi-symmetric design with block size k. 
Then k is a prime power if and only if D is a Hadamard 3-design and 
k=2n,  n>~2. 
Since we need to prove some other results before proving Theorem 4.2, it will 
be proved at the end of this section. From this point on, once again assume that D 
is exceptional. 
Lemma 4.3. Suppose the order oL of  D is large. Then oc > ½2. 
Proof. Let a~ = aq be large. Then by Proposition 3.8(a) the small root irE of (4) 
satisfies a~2 ~< 2m - 3. Again by (4), ¢~1L~'2 = m2. Hence oq ~< ½2 leads to a~2 I> 2m, a 
contradiction. [] 
Now consider the discriminant given in (10) and observe that A 2 is odd. Hence 
A2 = (2/3-  1) 2 for some positive integer ft. Since D is exceptional, Theorem 
3.10(c) implies v = m2y + my - m - fl + 1. Now use r = m2 + a~ and k = my in 
2(v - 1) = r(k - 1) to get 2(my - fl) = tr(my - 1) which simplifies to: 
Assertion 4.4. my = fl + (fl - 1) / (2 -  a 0. 
Prolmsition 4.5. Suppose the order tr of  D is large. Then m >~ a4y. 
(Notice that this improves the earlier lower bound given in Theorem 2.1(b).) 
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Proof. Using Lemma 4.3, a~> ½2 and hence in Assertion 4.4, a~/(2- t r )> 1. 
Therefore, my > fl + fl - 1, i.e., my >~ 2ft. Thus, A 2 = (2fl - 1) 2 < m2y 2. 
Substituting the value of A 2 f rom (10) and dropping suitable terms in the 
inequality (not very tight) obtains the desired result. [] 
We now return to: 
Proof of Theorem 4.2. Let k =p",  p a prime power. If D is Hadamard, then 
p = 2 and such designs exist. Looking at the parameters of critical designs given in 
(*) and (**), k is not prime. Hence it is sufficient o show that D cannot be 
exceptional. Suppose D is exceptional. Since k =my, m =pi, y =pj, i +]  = n and 
by Theorem 2.1, i ~<j, for some i, j. If i =j ,  then m =y and by Theorem 2.1(e), 
k = 36, a contradiction. Since m is a prime power, Proposition 3.9 implies that 
the order of tr is large. Using Proposition 4.5, y/m <~ ~. Since i <], y /m >~p and 
therefore p ~< ], a contradiction. This contradiction completes the proof of 
Theorem 4.2. [] 
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